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Higher-order interactions I

Motivations
Networks or graphs focus on pairwise interactions
These type of pairwise interactions can already be quite elaborate:
undirected/directed, binary/weighted, simple/multiple,
static/dynamic, multiplex or multi-layers, . . .
Nonetheless pairwise interactions are not sufficient to describe the
nature of complex interactions :

▶ e.g. the presence of a 3rd species may modify the interaction of 2 other
species ;

▶ e.g. a collaboration between 3 authors is stg different from 3 pairwise
collaborations between these same authors ;

Collective interactions or group interactions are richer than just
pairwise interactions

↪→ These are called higher-order interactions (HOI).
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Higher-order interactions II

Where do we find HOI?
Social networks: triadic and larger groups (as early as Simmel, 1950)

Scientific co-authorship,
Interactions between more than two species in ecological systems,
HOI between neurons in brain networks,
Metabolites in chemical reactions,
etc

These interactions CAN NOT be represented by a graph.
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Higher-order interactions III

A nice review (2020) to start on the topic:
Physics Reports 874 (2020) 1–92

Contents lists available at ScienceDirect

Physics Reports

journal homepage: www.elsevier.com/locate/physrep
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a b s t r a c t

The complexity of many biological, social and technological systems stems from the
richness of the interactions among their units. Over the past decades, a variety of
complex systems has been successfully described as networks whose interacting pairs of
nodes are connected by links. Yet, from human communications to chemical reactions
and ecological systems, interactions can often occur in groups of three or more nodes
and cannot be described simply in terms of dyads. Until recently little attention has
been devoted to the higher-order architecture of real complex systems. However, a
mounting body of evidence is showing that taking the higher-order structure of these
systems into account can enhance our modeling capacities and help us understand and
predict their dynamical behavior. Here we present a complete overview of the emerging
field of networks beyond pairwise interactions. We discuss how to represent higher-
order interactions and introduce the different frameworks used to describe higher-order
systems, highlighting the links between the existing concepts and representations. We
review the measures designed to characterize the structure of these systems and the
models proposed to generate synthetic structures, such as random and growing bipar-
tite graphs, hypergraphs and simplicial complexes. We introduce the rapidly growing
research on higher-order dynamical systems and dynamical topology, discussing the
relations between higher-order interactions and collective behavior. We focus in partic-
ular on new emergent phenomena characterizing dynamical processes, such as diffusion,
synchronization, spreading, social dynamics and games, when extended beyond pairwise
interactions. We conclude with a summary of empirical applications, and an outlook on
current modeling and conceptual frontiers.
©2020 TheAuthors. Published by Elsevier B.V. This is an open access article under the CCBY

license (http://creativecommons.org/licenses/by/4.0/).

⇤ Corresponding author.
E-mail addresses: battistonf@ceu.edu (F. Battiston), v.latora@qmul.ac.uk (V. Latora), giovanni.petri@isi.it (G. Petri).
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Matias C. HOI statistical modelling June 2026 5 / 35



Pairwise vs HOI

HOI are defined as sets of interacting entities.
e.g. V = {a, b, c , d , e}; I = {{a, b, c}, {a, d}, {c, d}, {c , e}}
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(a) Pairwise interactions
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(b) A HOI in blue

The order of an interaction is the number of entities that interact.
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Naïve Graph representation: clique expansion graph
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Fig. 1 A hypergraph with 7 nodes and 3 hyperedges: e1 = {1, 2, 3, 4}, e2 = {5, 6, 7} and e3 = {3, 6}.

3.1 Hypergraphs
A hypergraph (Fig. 1), denoted H = (V, E), comprises a set of (undistinguishable)
nodes V = {1, . . . , n} and a set of hyperedges E → P(V), where P(V) is the set of
all subsets of V. In other words, each hyperegde e ↑ E is a subset of nodes in V and
represents an interaction between those entities. The order of H is its number of nodes
|V| = n; while its size is its number of hyperedges |E| = M .

The simplest hypergraphs are binary (hyperedges record the presence/absence
of interactions between subsets of nodes) but may be generalized to multiple (or
weighted) interactions. Then the hypergraph H = (V, E , w) comes with a weight
function w : P(V) ↓ N ↔ {0} such that ↗e /↑ E , we have w(e) = 0, and w(e) ↑ Nω

otherwise. The weight counts how many times a hyperedge appears in the hypergraph.
Multiple hypergraphs can be viewed as hypergraphs where the set of hyperedges E is
allowed to be a multiset (i.e. some hyperedges may appear several times). A binary
hypergraph is a particular case of a weighted hypergraph with weight function being
the indicator function w(e) = 1{e ↑ E} (i.e., each hyperedge has multiplicity 1).

The incidence matrix H of the hypergraph has dimension |V| ↘ |E| and entries
H(v, e) = 1{v ↑ e}. A hypergraph is said to be s-uniform if it only contains hyper-
egdes of cardinality s (also called the hyperedge size), in which case, it can be
represented through a tensor matrix A → Vs with dimension s and entry indexed by
(i1, . . . , is) given by 1{{i1, . . . , is} ↑ E}. A graph is a particular case of a 2-uniform
hypergraph with A being the classical adjacency matrix. Sometimes hyperedges are
allowed to be multisets, in which case a same node may be involved several times (i.e.
with some multiplicity) in a same hyperedge. We call these multiset hypergraphs. For
example a self-loop {v, v} ↑ E is a multiset hyperedge with size 2.

Descriptive statistics on hypergraphs.
Some of the concepts introduced to describe graphs find a direct generalization in
hypergraphs, while other, because of the increased complexity of hypergraphs versus
graphs, induce more variability in their definitions. This is the case for the den-
sity. A basic definition would simply count the number of hyperedges divided by the

1see for e.g https://sociopatterns.org/
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Fig. 2 Graph representations of the hypergraph from Fig. 1. (a) Clique graph; (b) Line graph; (c)
Bipartite graph.

larger diversity of the structures that would prevent from the emergence of general
rules. On a moderate scale, we mention that Do et al. (2020); Lee et al. (2021) have
explored the characteristics of thirteen real-world hypergraphs from various domains,
with a focus on the overlaps of hyperedges for the latter reference.

Complexity. While the number of possible edges in a graph grows quadratically
with the number of nodes, the number of possible hyperedges in a hypergraph grows
exponentially with that number. Indeed, a (simple) hypergraph with n nodes may
contain at most

∑n
s=2

(
n
s

)
= 2n → n→ 1 hyperedges. This raises non trivial challenges

from the statistical inference point of view and one possible approach to addressing
this issue is mentioned in Section 4.3 when discussing the work by Fritz et al. (2026).

3.2 Graph representations
Due to their complexity, it is tempting to reduce hypergraphs to simpler objects such
as graphs (see Fig. 2 for an illustration), that are easier to handle. However this is at
the cost of either loosing information or relaxing some constraints, as we now explain.

Clique graph.
The clique graph of a hypergraph (also called 2-section, clique expansion or clique
reduction) has the same set of nodes, and edges between nodes that share a hyperedge.
Each hyperedge e ↑ E in the hypergraph is in fact reduced into a complete clique in
the graph. A weighted version can also be used, transferring partial information about
the hyperedges sizes to the projected graph. In any case, this naive representation
looses a lot of information and it is impossible to reconstruct hyperedges from the
clique graph.

Line graph.
The line graph of a hypergraph has vertices corresponding to the hyperedges of that
hypergraph, and edges between overlapping hyperedges (i.e. that share at least one
node). Again, this representation looses information (about how many and which
nodes are shared) and (unique) recovery of a hypergraph from its line graph is not
possible. The line graph is mostly used to summarize adjacency relations between
hyperedges (two hyperedges being adjacent when they share a node).

6

Each interaction is transformed into a clique = all edges between pairs
are present ;
HOIs actually disappeared !
Too simplistic: For e.g, in co-authorship 1 paper with 3 authors ̸= 3
different papers written by pairs of those authors.
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Bipartite graph representation (two-modes network or
star-expansion graph)
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Fig. 1 A hypergraph with 7 nodes and 3 hyperedges: e1 = {1, 2, 3, 4}, e2 = {5, 6, 7} and e3 = {3, 6}.

3.1 Hypergraphs
A hypergraph (Fig. 1), denoted H = (V, E), comprises a set of (undistinguishable)
nodes V = {1, . . . , n} and a set of hyperedges E → P(V), where P(V) is the set of
all subsets of V. In other words, each hyperegde e ↑ E is a subset of nodes in V and
represents an interaction between those entities. The order of H is its number of nodes
|V| = n; while its size is its number of hyperedges |E| = M .

The simplest hypergraphs are binary (hyperedges record the presence/absence
of interactions between subsets of nodes) but may be generalized to multiple (or
weighted) interactions. Then the hypergraph H = (V, E , w) comes with a weight
function w : P(V) ↓ N ↔ {0} such that ↗e /↑ E , we have w(e) = 0, and w(e) ↑ Nω

otherwise. The weight counts how many times a hyperedge appears in the hypergraph.
Multiple hypergraphs can be viewed as hypergraphs where the set of hyperedges E is
allowed to be a multiset (i.e. some hyperedges may appear several times). A binary
hypergraph is a particular case of a weighted hypergraph with weight function being
the indicator function w(e) = 1{e ↑ E} (i.e., each hyperedge has multiplicity 1).

The incidence matrix H of the hypergraph has dimension |V| ↘ |E| and entries
H(v, e) = 1{v ↑ e}. A hypergraph is said to be s-uniform if it only contains hyper-
egdes of cardinality s (also called the hyperedge size), in which case, it can be
represented through a tensor matrix A → Vs with dimension s and entry indexed by
(i1, . . . , is) given by 1{{i1, . . . , is} ↑ E}. A graph is a particular case of a 2-uniform
hypergraph with A being the classical adjacency matrix. Sometimes hyperedges are
allowed to be multisets, in which case a same node may be involved several times (i.e.
with some multiplicity) in a same hyperedge. We call these multiset hypergraphs. For
example a self-loop {v, v} ↑ E is a multiset hyperedge with size 2.

Descriptive statistics on hypergraphs.
Some of the concepts introduced to describe graphs find a direct generalization in
hypergraphs, while other, because of the increased complexity of hypergraphs versus
graphs, induce more variability in their definitions. This is the case for the den-
sity. A basic definition would simply count the number of hyperedges divided by the

1see for e.g https://sociopatterns.org/
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Fig. 2 Graph representations of the hypergraph from Fig. 1. (a) Clique graph; (b) Line graph; (c)
Bipartite graph.

larger diversity of the structures that would prevent from the emergence of general
rules. On a moderate scale, we mention that Do et al. (2020); Lee et al. (2021) have
explored the characteristics of thirteen real-world hypergraphs from various domains,
with a focus on the overlaps of hyperedges for the latter reference.

Complexity. While the number of possible edges in a graph grows quadratically
with the number of nodes, the number of possible hyperedges in a hypergraph grows
exponentially with that number. Indeed, a (simple) hypergraph with n nodes may
contain at most

∑n
s=2

(
n
s

)
= 2n → n→ 1 hyperedges. This raises non trivial challenges

from the statistical inference point of view and one possible approach to addressing
this issue is mentioned in Section 4.3 when discussing the work by Fritz et al. (2026).

3.2 Graph representations
Due to their complexity, it is tempting to reduce hypergraphs to simpler objects such
as graphs (see Fig. 2 for an illustration), that are easier to handle. However this is at
the cost of either loosing information or relaxing some constraints, as we now explain.

Clique graph.
The clique graph of a hypergraph (also called 2-section, clique expansion or clique
reduction) has the same set of nodes, and edges between nodes that share a hyperedge.
Each hyperedge e ↑ E in the hypergraph is in fact reduced into a complete clique in
the graph. A weighted version can also be used, transferring partial information about
the hyperedges sizes to the projected graph. In any case, this naive representation
looses a lot of information and it is impossible to reconstruct hyperedges from the
clique graph.

Line graph.
The line graph of a hypergraph has vertices corresponding to the hyperedges of that
hypergraph, and edges between overlapping hyperedges (i.e. that share at least one
node). Again, this representation looses information (about how many and which
nodes are shared) and (unique) recovery of a hypergraph from its line graph is not
possible. The line graph is mostly used to summarize adjacency relations between
hyperedges (two hyperedges being adjacent when they share a node).

6

, No loss of information for
hypergraphs with multiples
hyperedges and self-loops;
/ Statistical Modeling
drawbacks:

▶ Number of hyperedges is
not random;

▶ Configuration models will
assume sizes of
hyperedges are fixed;

▶ Bipartite SBM impose
hyperedges clusters,
reducing the flexibility of
the model;
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HOIs representations

Relying on graphs
There are other graph-representations of HOIs
But none of these completely capture the information (at least from a
statistical modeling point of view)

Relying on other objects
There are 2 mathematical objects to represent HOIs :

Simplicial complexes (constrained)
Hypergraphs
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Hypergraphs I

F. Battiston, G. Cencetti, I. Iacopini et al. / Physics Reports 874 (2020) 1–92 5

Fig. 1. Representations of higher-order interactions. A set of interactions of heterogeneous order (A) can be represented using only pairwise
interactions (B). Using only low-order blocks, the set of interactions can be described in the simplest way by using a graph (C). Alternatively,
interactions can be encoded as nodes in one layer of a bipartite graph, where the other layer contains the interaction vertices (D). Other examples
of high-order coordinated patterns can be encoded using motifs, small subgraphs with specific connectivity structures (E). Among motifs, cliques
are especially popular as they represent the densest subgraphs, akin to higher-order bricks (F). All these representations discard information that
was present in the original interaction data (A). A solution is to consider explicitly higher-order building blocks, in the form of simplices and
hyperedges (G). Collection of simplices form simplicial complexes (H), which allow to discriminate between genuine higher-order interactions and –
even complex – sums of low-order ones (I). Unfortunately, simplicial complexes, given a simplex, require the presence of all possible subsimplices
(J), which can be too strong an assumption in some systems. Relaxing this condition effectively implies moving from simplices to hyperedges (K),
which are the most general—and less constrained—representation of higher-order interactions (L).

2.1.2. Graph-based representations
Graphs are the most common way to represent families of interactions (Fig. 1C). A graph G = (V , E) is defined by

a nodeset V with n elements, and an edgeset E whose m elements are pairs of nodes. A graph is then a collection
of edges connecting pairs of nodes. In other words, the building blocks of graph representations are 1-interactions,
i.e. interactions of the type I = [i, j]. The most natural choice is then to unfold each higher-order interaction in I in terms of
1-interactions built from pairs of nodes in I . Under this assumption, our example I = {[a, b, c], [a, d], [d, c], [c, e]} maps
to IG = {[a, b], [b, c], [c, a], [a, d], [d, c], [c, e]} (Fig. 1B). This mapping makes systems amenable to be studied using tools
developed in both graph theory [45] and network science [16]. Indeed, graph representations enabled the growth, depth
and breadth of results on real-world complex networks in the last two decades [17–19], with applications spanning biology
[46,47], ecology [27,48], social science [49,50], engineering [51,52], neuroscience [53–55], all the way to cosmology [56].

Despite the power of graph representations to capture many properties of complex interacting systems, their limits are
easily identified: it is impossible to explicitly describe group interactions, or in other terms there is no direct relationship
between I and IG nor any way to recover the former from the latter. For example, going back to our toy example, at
the description level provided by IG, it is impossible to tell (and hence to describe) whether the original interaction set
contained [a, c, d] or not. Naturally, in some cases networks can provide information on higher-order interactions, but
these are always inferences based on the low-order interactions, obtained for example by looking for very dense subsets
of nodes using community [57], clique [58] or block detection [59] techniques. However, such reconstructions are often
incomplete and rife with problems [60–62].

Bipartite graph representations effectively describe group interactions. Solidly within the realms of low-order inter-
actions, bipartite graphs are graphs defined by two nodesets (U,W ) and an edgeset E containing only edges (u, w) such
that u 2 U and w 2 W . To represent higher-order interactions, one chooses U to coincide with the original nodeset
V , i.e. U = V , and W to coincide with the set of interactions I [63,64]. The links in the bipartite graph connect a node
(in V ) to the interactions (of arbitrary order) in which it takes part (Fig. 1D). This representation emerges naturally in
many fields: it is used for example in social sciences, where it provides a way to encode the membership of individuals
to groups of different dimensions [65,66]; or to describe the collaboration of actors (nodes) in movies (interactions) [67];

Hypergraph definition
A hypergraph H = (V, E) is defined as a set of nodes V ≠ ∅ and a set of
hyperedges E . Each hyperedge is a non-empty collection of k nodes
taking part in an interaction.
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Hypergraphs II

Hypergraphs characteristics
Hypergraphs naturally include graphs, by simply considering
hyperedges of size k = 2;
A hypergraph may contain a size-3 hyperedge {a, b, c} without any
requirement on the existence of the size-2 hyperedges {a, b}, {a, c},
and {b, c}.
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Statistical measures on hypergraphs
Graph statistics generalized to hypergraphs

For any size k ≥ 2, size-k density is = nb of size-k hyperedges /
(n
k

)

Node degree (rowSum of H); hyperedge size/degree (colSum of H);
Centrality measures

▶ relies on the notion of paths;
▶ a path is a sequence (e1, e2, . . . , et) of hyperedges such that 2

successive hyperedges have at least one common node (ei ∩ ei+1 ̸= ∅);
▶ concept of k-path: any 2 successive hyperedges share at least k ≥ 1

nodes;

Other graph statistics

Clustering and transitivity: no natural
generalization! (based on triangles);
Motifs abundance: ok but huge
combinatorial complexity;

(from Lotito et al., Comm. Phys., 2022)
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Clustering the nodes of a hypergraph I

Objective

Community detection on hypergraphs Node clustering in a hypergraph

Objective: node clustering in a hypergraph

=)

Identify clusters/communities through modularity-based approaches
�! large intra-group and low inter-groups connection probabilities

Veronica Poda Comparing modularity-based approaches for community detection on hypergraphs October 20, 2023 4 / 20

Questions: What are we looking for? Can we define communities?
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Clustering the nodes of a hypergraph II

In a graph, a community is a set of nodes with large within-group
connections and small between-groups connections.

In a hypergraph, should we weight the hyperedges wrt their sizes? If yes,
how?
→ This question is currently not uniquely answered.
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Modularity-based approaches I

Graph case: Newman-Girvan modularity
For a clustering C = (C1, . . . ,CK ) of the nodes of a graph G = (V ,E ), we
let

Q(G , C) = 1
2|E |

K∑

k=1

∑

u,v∈Ck

(
Auv −

dudv
2|E |

)
.

Exact optimization is impossible; rely on Louvain algorithm (heuristic);
Compares the nb of within-cluster edges with expected value under a
null model accounting for nodes degrees;
Louvain heuristic automatically selects a number of clusters;
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Modularity-based approaches II

Hypergraph case: state of art
Many different generalizations exist for hypergraphs, based on different
notions of communities;

We have compared methods
and found that the best is
Chodrow et al. (2021);
It focuses on All-or-Nothing
(AON) modularity, in which
a hyperedge contributes to
increase modularity only
when all its nodes are in the
same cluster.
Currently the main issue is
the lack of benchmark
datasets.
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Modularity-based approaches III

Intrinsic drawbacks
Maximization is difficult;
look for communities and not general clusters (e.g. hubs or
peripherical nodes);
tends to favour groups of the same size;
Possible biases due to an underlying assumption of
multisets-hypergraphs;

Open problems
What kind of hypergraphs-communities do we want to identify with
modularities?
Design good benchmark datasets for comparing the methods;
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Spectral hypergraph partitioning I

Graphs case - intuition
In presence of clusters, expected adjacency matrix has low rank;
The eigendecomposition of (the adjacency matrix or) a Laplacian
matrix (normalised version of the adjacency matrix) should reveal the
clusters;

Hypergraphs case Ghoshdastidar and Dukkipati (2017)
With H incidence matrix (n × |E|), D = diag(di ) node degrees (n × n) and
∆ = diag(|em|) hyperedges sizes (|E| × |E|)

Hypergraph Laplacian L = I − D−1/2H∆−1H⊺D−1/2

This is the Laplacian for a weighted clique expansion graph;
Compute leading eigenvectors and run k-means on normalised rows;
Weakly consistent under planted partition model under condition that the
weighted clique graph identifies the clusters;
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Spectral hypergraph partitioning II

Open problems
How can we select the number of groups? (Is there an eigengap?)
Can we design a method not based on clique expansion graph (to fully
capture HOI interaction)?
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Hypergraphs Stochastic Blockmodels
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HyperSBM formulation

Community detection on hypergraphs Node clustering in a hypergraph

Objective: node clustering in a hypergraph

=)

Identify clusters/communities through modularity-based approaches
�! large intra-group and low inter-groups connection probabilities

Veronica Poda Comparing modularity-based approaches for community detection on hypergraphs October 20, 2023 4 / 20

H = (V, E),
For each 2 ≤ m ≤ M, let
V(m) =

{
{i1, . . . , im} :

i1, . . . , im ∈ V and i1 ̸= . . . ̸=
im
}
, set of unordered node

tuples of size m;

Observations: At each {i1, . . . , im} ∈ V(m), we observe indicator
variable Yi1,...,im = 1{{i1, . . . , im} ∈ E};

Latent clusters: Z1, . . . ,Zn iid in {1, . . . ,Q} with πq = P(Zi = q);

Conditional independence assumption:
{Yi1,...,im}{i1,...,im}∈V(m) |{Z1, . . . ,Zn} are independent with

Yi1,...,im |{Zi1 = q1, . . . ,Zim = qm} ∼ Bern(B(m)
q1,...,qm).
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Hypergraphs Stochastic Blockmodels

HyperSBM (joint work with Luca Brusa)
We establish parameter identifiability results;
We propose a variational expectation-maximisation (VEM)
algorithm to infer clusters and parameters;
We propose an ICL criterion to select the number of clusters;
All these tools are implemented (in C++) in a efficient R package
called HyperSBM (https://github.com/LB1304/HyperSBM).

Future: FastHyperSBM
We are currently working on a faster version of the inference procedure,
relying on subsampling ideas.
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Hypergraphs Embedding (for hypergraphs clustering)
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Embedding metabolic pathways I

Objective
Compare different methods for graphs/hypergraphs embedding;
Followed by hierarchical clustering;
Applied on metabolic pathways;
With the aim of capturing their taxonomy (unsupervised clustering of
the whole network). 4 hierarchical levels with increasing granularity:
C1 cellular organization. 2 classes: Eukaryotes vs Prokaryotes
C2 domain/kingdom. 6 classes: Animals, Archaea, Bacteria, Fungi, Plants

and Protists;
C3 class level. 18 classes;
C4 genus level. 70 classes.
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Embedding metabolic pathways II

Methods
14 embedding strategies applied on 8467 metabolic pathways;

Evaluation criteria: homogeneity ∈ [0, 1], maximized when each
cluster is composed entirely of entities belonging to a same specific
taxonomic class.
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Embedding metabolic pathways III

Results
In each family, with have identified a “best performer”;
All of these use hypergraph information (instead of clique-graph):
suggests a loss of information for embeddings based on cliques only;
Overall performances of the methods quite high across all levels of
taxonomy classes C1 to C4;
C3 and C2 are the most challenging classes: at C2, Bacteria tend to
split up in different (albeit pure) clusters while Eukaryotes remain in a
single, separate, less pure cluster
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Conclusions

Higher-order interactions is a new trend;
There are already some available tools that you can test on your
datasets (see for e.g. hypergraphx,
https://github.com/HGX-Team/hypergraphx)
A lot of challenging questions (computational, modeling based,
methodological, etc) remain open with these tools
Those methods offer an avenue for tackling new questions on complex
systems.

Any questions ?
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